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Bending without shear force (pure bending)
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Curvature: J{ — -é- Rt

Strain: &X (z)_-:: -Z-W
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Bending with shear force(zginanie poprzeczne)

Cantilever beam

r

Shear force

in a beam




A reminder: cantilever beam - Ritz method solution

A

Po

Solve a cantilever beam using the Ritz method
using a given approximation function:

W(x)=a,+a, -Xx+a,-x*+a, - X’

Boundary conditions: W(X = O) =0 =P a1 = O (X O)
Approximate solution: 1 The exact solution:
VTI(X)=— Ij'XZ—%g—E:{-Xs » W(X)zﬁ%lj'xz_l_zzgj 'X3+214 EFTJO X
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162 pol \A //Mg(x) A / ( ) I . x
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A beam finite element (bending in one plane)
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— transverse displacements at nodes

— deflection angles at nodes

(positive signs in counterclockwise

direction)

n=2; n,=2 2 ny=n-n,=4

Let us assume an approximation of the deflection function in the element:

W) = +a2§+a3§2 +0‘4§3

However, new parameters are required: wy,w,, 01, 05

Vector of nodal parameters:

{q}e =

q1
q>
q3
44/,

Nodal approximation:

w(¢)
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A beam finite element - the relationship between a,,a,,;, 0, and 0;,0,,0;,0,

W) = +0(2§+(Z3§2 +0‘4§Z3

displacement atnode1 = g, =w(0) =,

dw
deflection angleatnode 1= (, = d—(O) =q,,

5

displacement at node 2 =>»

dw
deflection angle atnode2 = (, = E(I) =a,+2a.l, +3c,l;.

In matrix notation:

rql\ 1 O O O ral\
| |0 [L][0[0]|e
o T T T e N[ =
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A beam finite element — shape functions

The approximated displacement can be represented in the form:

C )

a, ql
w(E) =16, {72 = N(E) N, Ny(@)N,(©) ) 2 |
(X ) 104
Shape functions of a beam element
N(©) =135 128 MM g =1 e 4 =1]
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2 3 N,(2)
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A beam finite element - shape functions and their derivatives

I _ N I d,zl\/ I 3
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For other shape functions:
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A beam finite element — total potential energy

Deflection function and its derivatives:

Total potential energy of a beam of length /.
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A beam finite element — macierz sztywnosci

Elastic strain energy of the beam:

1 %N’,N”dg e.N”N”dg
— 2
U, = Lal.[K].{a},
e'NzﬂNlndé: e'Nzrerﬂdé
K, -e1| °
.N3”N1”d§ .N3”N2”d§

Stiffness matrix of a beam element:
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A beam finite element — equivalent forces

Work of external load: W, :j p(E)W(E)dE :j p(f)LN (f)J{Q}e dé
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Nodal equivalent forces resulting from continuous load output:

Fe = [N, (&) p(&)de
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Example: equivalent forces resulting from a costant continuous load

Ie
Nodal forces resulting from continuous output: ~ F.* = J N.(&)p(&)dE
0

For constant continuous load:
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A beam finite element — list of search functions

1‘7—
( A Gpa_ ‘13 ¢ ‘;/q
e i g L9 e=L%1,9292 94
....7; E@ L 1;[’
Deflection: W(E) = LN _‘ {q‘ie — Polynomial of the 3rd order
| 144 4

Be;*ndit:n‘g M_lj (g) = E'J) h/" = EJJ LNﬁ{qge — Linear function

moment: AxY s}

p—

Shear I (g) = -'Ej) W= - Ejj LN"'J -{O]:Se — Constant value

force: Avb gxa
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A beam finite element — system of equations

Total potential energy of the beam element:

ve=ue—er=—LqJ [k]e {a}e LQJ {Fle

4x4 4x1 4x1
Condition for minimizing total potentlal energy:
Ve =0 1=1,2,3,...,n
oq,
6|3, | 6|3l |(qg
k] {q} ={F) | == 2E1|3 2”8l | 17 g,
= F > 1°|-6|-3.| 6 |3l ||a
3|17 =31 ] 217 [,
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Example: cantilever beam loaded with a uniformly distributed transverse load (one element)

‘W1 =q W,=q; Vector of nodal parameters:
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Example: cantilever beam loaded with a uniformly distributed transverse load (one element)

.ZE:B C-0 s+ 30-g.)= R, +_pol
Reactions: (- 3t %> T
e F
R = e o T i 283 _ VA
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As in the Ritz solution!




Example: cantilever beam loaded with a uniformly distributed transverse load, nodal loads
(three elements)

Vector of nodal parameters:

as N N
W
@ U, . O, 1
% AT 111 %
s W,
M
{q}=<q4>=402$
0s W,
Elastic strain energy in every element: O 0,
_ _ q W,
=lal [KL{ak =3La ] {a} A
IxN NxN e Nx1 \qg) L4 )
Extended Element Stiffness Matrices:
[¥],= [%],= [¥],=
qs qs, 47, 48

qi qz, 43 g4 qs 44, 45 qs




Example: cantilever beam loaded with a uniformly distributed transverse load, nodal loads
(three elements)

LE

Elastic strai LE 1 \ 1
TS ST LT D CRRIUEE LTS IC
e=1 1

Total potential energy of the system: \/ =U _WZ = %LqJ[K]{q} _Lq_I{F}

oV

The condition of minimum total — =0 i=123,....n
potential energy of the system: 8qi

[ K ] {q} — { F} + displacement boundary conditions
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Example: cantilever beam loaded with a uniformly distributed transverse load, nodal loads
(three elements)

ki | ky | Ky Jeyy 0 0 0| 0 V(@
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Typical FEM calculations

1. Determination of the stiffness matrix of the elements [k],

2. Aggregation of the matrix of elements into the global matrix [K]

3. Determination of the equivalent load vector {F}

4. Introduction of boundary conditions — determination of all the searched
parameters {q}

5. Determination of internal forces (moments and shear forces) and normal

and shear stresses

24
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w
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Example: find the components of the equivalent load for a linearly distributed
transverse load

P(‘g) = P:‘_gi‘ % Py
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2) Equivalent moment at node 1:

l lo
Fe = JpE)lufs)ds ="t
DL‘?_ """ _1 """""""""""
) Eﬁ"i’ +30(P-rle
3) Transverse equ ivalent force at node 2:
l le ”
= = = ?.'_‘__.-:,.
= el ) (5

______________________________________

______________________________________




Example: find the components of the equivalent load for a linearly distributed
transverse load

_ N 101 Nrmn GQON
® A1) P2= i (
i [ ' =) 4y
P '1%1 19,’—'2002: r: ‘) o
15 4 ZC’DMM N N f\j
=12 mm’ 3 NI, = .
ﬁe: ﬁ_mmz ' + 3o (4{;'"—-[)'”4,” 200mm bCoOo
e = ~ 1S 200 | 4 (3010 ) gooPwn’ = = 10 i
12 3017
=15 200 mm
Fe = o 2007+ 2 (308, ) 200mm = 600 N
N 2 N
F‘% — . (e 1S'mw).ZCo?mm _ (30 mm 200bumE = - 109 Nmm
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